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Abstract. Let $ : TM TM be a positive-semidefinite symmetric 
operator of class defined on a complete non-compact manifold M 
isometrically immersed in a Hadamard space M . In this paper, we given 
conditions on the operator $ and on the second fundamental form to 
guarantee that either $ = or the integral J^^ tr ^dM is infinite. We 
will given some applications. The first one says that if M admits an 
integrable distribution whose integrals are minimal submanifolds in M 
then the volume of Ad must be infinite. Another application states that 
if the sectional curvature of M satisfies K < — c^, for some c > 0, 
and A : A/™ — [0, oo) is a nonnegative function such that gradient 
vector of A and the mean curvature vector H of the immersion satisfy 
|//-|-pVA| < (m— l)cA, for some p > 1, then either A = or the integral 
/^^ X'dAI is infinite, for all 1 < s < p. 



1. Introduction 

Let / : Af ™ — )■ M be an isometric immersion of an m-dimensional Rie- 
mannian manifold M in a Riemannian manifold M and II the second fun- 
damental form of /. Let <I> : TM — )• TM be a symmetric operator on M of 
class C^. Consider the following definitions: 

Definition 1.1. The ^-mean curvature vector field of the immersion f is 
the normal vector field : M — t- T-^M to the immersion / defined by the 
trace: 

= tr {{X, Y) G TM x TM ^ II {^X, Y)} 

Note that coincides with the mean curvature vector if ^ is the identity 
operator / : TM TM. 

Definition 1.2. The divergence of ^ is the tangent vector field on M defined 
by 

(div$,X) = tr{y G TM ^ (Vy^>)X = Vy($X) - $(VyX)}, 
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for all tangent vector field X : M —i' TM. Note that if $ = XI, where 
A : M — )■ M is a function, then div <1> coincides with the gradient vector 
of A. 

It is a well known fact that a complete noncompact minimal submanifold 
in a Hadamard manifold must have infinite volume (see for instance [9]). 
Our first theorem says the following: 

Theorem 1.1. Let f : M ^ M he an isometric immersion of a complete 
noncompact manifold M in a complete simply- connected manifold M with 
nonpositive radial curvature with respect to some basis point qq G f{M). Let 
$ : TM — 7> TM be a positive-semidefinite symmetric operator of class 
such that tr$(go) > 0. Assume that 

\ILq, + div<I)| < ^ tr $, 

r + e 

for some e > 0, where r = dfj{- ,qo) is the distance in M from qq. Then the 
rate of growth of the integral Jj^j tr <^> is at least logarithmic with respect the 
geodesic balls centered at qq, that is, 

lim inf - — \— [ tr $ > 0, 

where denote the geodesic balls of M centered at qq. In particular, the 
integral Jj^,j tr $ must be infinite. 

Before we enunciate the next results, we will to consider a consequence of 
Theorem 11.11 Let M be a manifold with nonpositive radial curvature with 
respect to some base point qq. It is easy to show that the radial curvature 
of the product manifold M = M x M with respect to the base point {qQ,0) 
is also nonnegative. Furthermore, the inclusion map j : M ^ M given by 
j{x) = {x,0) is a totally geodesic embedding. Thus the result below follows 
directly from Theorem ll.il 

Corollary 1.1. Let M be a complete simply- connected manifold with non- 
positive radial curvature with respect to some base point qq. Let ^ : TM — )• 
TM be a positive-semidefinite symmetric operator such that tr<I>((/o) > 0. 
Assume that 

|div<I)| < tr$, 

for some e > 0, where r = df-j{- , qo). Then the rate of growth of the integral 
Jjyj tr <^ is at least logarithmic with respect to the geodesic balls centered at 
qo- In particular, the integral J^jtr<I> is infinite. 

The next theorem says the following: 
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Theorem 1.2. Let f : M M he an isometric immersion of a complete 
noncompact manifold M in a Hadamard manifold M . Let $ : TM — > TM 
he a positive-semidefinite symmetric operator of class . Assume that 

div<I) = F$ = 0. 

Then, for all q € M , we have that either ^{q) =0 or the rate of growth of 
the integral Jj^j tr $ is at least linear with respect to the geodesic balls of M 
centered at q, that is, 

liminf i / tr^ > 0, 

where Bf^{q) denotes the geodesic ball of M of radius n and centered at q. In 
particular, either $ vanishes identically or the integral fj^^ tr $ is infinite. 

The following result is a non-direct application of Theorem 11.21 It will be 
proved in section [3] below. 

Corollary 1.2. Let f : M ^ M he an isometric immersion of a complete 
noncompact manifold M in a complete simply- connected manifold M with 
nonpositive radial curvature with respect to some base point in f{M). Let 
D be a k-dimensional integrable distribution on M , with k > 1, such that 
each integral of T) is a minimal submanifold in M . Then the rate of volume 
growth of M is at least linear. 

To state our next applications of Theorems 11.11 and 11.21 we need to recall 
some notations. Let B : TM — )• TM be a symmetric operator of class C^. 
We recall that B satisfies the Codazzi equation if the following holds: 

{VxB)Y = {VyB)X, 

for all tangent vector fields X and Y on M. The Newton operators Pj = 
Pj{B), j = l,...,m, associated to B, are the symmetric operators on M 
defined inductively by: 

Pj = Sjl - BPj_i, with j > 1, 

where Sj = Sj{B) = J2ii< <ir^h ■ ■ ■ ^-ij is the jth-elementary symmetric 
polynomial evalued on the eigenvalues Ai, . . . , Am of B. 

A result due to Alencar, Santos and Zhou jl] says the following: 

Theorem A (Corollary 2.2 of [T]). Let f : M"^ — ^ Q^'^^ be a noncompact 
properly immersed hypersurface in a space form Q^'^^ , with c < 0. Let 
Pj = Pj{A), j = 1,2,..., be the Newton operators associated to the shape 
operator A of the immersion f. Assume that 

Sj > and Sj^i = 0, 

for some 1 < j < m — 1. Then either Sj = or the integral fj^j Sj is infinite. 
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Actually, under the hypotheses of Theorem A, Alencar, Santos and Zhou 
[l] proved that, for each q G M, it holds that either Sj{q) = or the rate of 
growth of the integral J^^ Sj is at least linear with respect to the geodesic 
balls of M centered at q. 

The result below is a non-direct consequence of Theorem 11.11 It will be 
proved in section [3l 

Theorem 1.3. Let f : M™ M he a complete non-compact isometric 
immersion in a complete simply- connected manifold M with nonpositive ra- 
dial curvature with respect to some base point qo G f{M). Let Pj = Pj{B), 
j = 1,2,..., be the Newton operators associated to a symmetric operator 
B : TM — )• TM that satisfies the Codazzi equation. Assume that 

Sj+i{B) = 0, Sj{B{qQ)) ^ and Sj{B) does not change of sign, 

for some I < j < m — 1. Assume further that the Pj-mean curvature vector 
satisfies 



where r = dfj{- ,qo). Then the rate of growth of the integral Jj^^ \Sj{B)\ is at 
least logarithmic with respect to the geodesic balls of AI centered at go- 

Note that if / : Q™+i is a hypersurface and A : TM TM is the 

shape operator then the Newton operator Pj = Pj{A) satisfies 

Hp^=tT{APj) = {j + l)S,+i. 

Thus the result below improves Theorem A and it follows as a consequence 
of Theorem 11.21 

Theorem 1.4. Let f : be a complete non- compact hypersur- 

face M in a space form Q^~^^ , with c < 0. Let Pj = Pj{A), j = 1,2, . . ., be 
the Newton operators associated to the shape operator A of the immersion 
f. Assume that 

Sj^i = and Sj does not change of sign, 

for some 1 < j < m — 1. Then either the rank rk(y4(q)) < j — 1 or the rate 
of growth of the integral Jj^j \Sj\ is at least linear with respect to the geodesic 
balls of M centered at q. 

Our next theorem says the following: 

Theorem 1.5. Let f : M™ —?■ M be an isometric immersion of a complete 
non- compact manifold M in a complete simply- connected manifold M . As- 
sume that the radial curvature of M with respect to some base point qo € 
f{M) satisfies -^rad ^ ~c^) for some constant c > 0. Let ^ : TM — > TM be 
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a positive-semidefinite symmetric operator of class such thatti^{qo) > 0. 
Assume that 

(ffl — lie 
\Hq> + div < — tr ^> 

m 

Assume further that |<I>Vr| < where r = dj^f{- ,qo) and Vr = (Vr)^ 

denotes the orthogonal projection of the gradient vector Vr to TM . Then it 
holds that 

(1) liminf , / tr$>0. 

M^oo tr$(go) 7b^(^,^) 

Moreover the limit in (|7p does not depend of qq . In particular, the integral 
Jj^j tr <I> is infinite. 

The result bellow follows from Theorem II. 51 by considering $ = A*/, with 
1 < s < p, where A : M ^ R is a nonnegative C^-function. 

Corollary 1.3. Let f : M™ M be an isometric immersion of a complete 
non- compact manifold M in a Hadamard manifold M with sectional curva- 
ture satisfying K < —(? , for some constant c > 0. Let X : M ^ [0, oo) be a 
nonnegative function satisfying: 

\\H + pV\\ < {m-l)cX, 

for some constant p > 1, where H = ti II is the mean curvature vector field 
of the immersion f. Then, for all q G M, either X{q) =0 or the rate of 
growth of the integral fj^j A* satisfies 

(2) liminf^/ A^>0, 

M^OO A^(g) JB^ig) 

for all 1 < s < p. Moreover the limit in (0j does not depend of q. In 
particular, either X = or the integral Jj^j A* is infinite, for all 1 < s < p. 

Let M be a Hadamard manifold with sectional curvature satisfying K < 
—(? , for some constant c > 0. It is simple to show that the warped product 
space M = M X(,osh{rf) ^ is also a Hadamard manifold with sectional curva- 
ture satisfying K < —(?. Furthermore the inclusion map i : M ^ {0} x M C 
M is a totally geodesic embedding. Thus it follows from Corollary 11.31 the 
result below: 

Corollary 1.4. Let M be a Hadamard manifold with sectional curvature 
satisfying K < —(? , for some constant c > 0. Let A : M — )■ M 6e a nonnega- 
tive function satisfying |VA| < ^"'""^^^ A, for some constant p > 1. Then 
either A = or the rate of growth of /^j A'' satisfies 

(3) liuiini^ [ A^>0, 

M^oo A^(gr) J^^^g) 
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for all 1 < s < p. Moreover the limit in ^ does not depend of q. In 
particular, either X = or the integral Jj^j is infinite, for all 1 < s < p. 

Finally we will enunciate our last theorem. We recall that an end E of 
M is an unbounded connected component of the complement set M — Vt, 
for some compact subset Q. of M . We say that a manifold M has bounded 
geometry if it has sectional curvature bounded from above and injective 
radius bounded from below by a positive constant. By results of Frensel [9], 
Cheng, Cheung and Zhou [5] and do Carmo, Wang and Xia [6] we know the 
following theorem. 

Theorem B. Let f : M ^ M he an isometric immersion of a complete 
non- compact manifold M in a manifold M with hounded geometry. If the 
mean curvature vector of f is hounded in norm then each end of M has 
infinite volume. 

Actually, Cheng, Cheung and Zhou improve Theorem B by showing 
that the volume growth of each end £^ of M is at least linear, that is 

(4) lim inf 1. > o, 

for all q E. Moreover the limit (jH does not depend of of q (see Proposition 

2.1 of m). 

Our last theorem says the following: 

Theorem 1.6. Let f : M™ M he an isometric immersion of a complete 
non-compact manifold M in a manifold M with hounded geometry. Let E 
he an end of M and A : -E ^ M a nonnegative function. Assume that the 
mean curvature vector field H = ti II of the immersion f satisfies 

\HX + pVX\ < HiX in E, 

for some constant k >0. Then it holds that lima;^oo X(x) = or the integrals 

A** are infinite, for all 1 < s < p. 

Note that if M has bounded geometry then the product manifold M = 
M X M also has bounded geometry. Since the inclusion map i : M 
M X {0} C M is a totally geodesic embedding, the result below follows from 
Theorem 11.61 



Corollary 1.5. Let E he an end of a complete non-compact manifold with 
hounded geometry. Let A : ii^ — )■ [0, oo) he a nonnegative function. As- 
sume that 

|VA| < kX in E, 

for some constant k > 0. Then it holds that lim^;^^ = or the integrals 
A^ are infinite, for all p > 1 . 
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2. Preliminaries 

Let / : M™ ^ M be an isometric immersion of an m-dimensional Rie- 
mannian manifold M in a Riemannian manifold M. For the sake of simplic- 
ity, henceforth we shall make the usual identification of the points f{q) with q 
and the vectors dfqV with v, for all g G M and v £ TgM. Let $ : TM TM 
be a symmetric operator of class C^. We consider the following definition: 

Definition 2.1. The ^-divergence of a vector field X : M ^ TM of class 
is given by the following: 



= tr |z G TM ^ $ (Vz^)^} 



Note that if $ = / : TM TM is the identity operator then D^X coincides 
with the divergence divMX. 

Let u = {u^, . . . , li"*) be a local coordinate system on M. Let {-^, • • • , g§!TT} 
and {du^, . . . ,du"^} be the frame and coframe associated to u, respectively. 
Using the Einstein's summation convention, let (,) = gijdu^ du^ be the 
metric of M. The Cheng- Yau square operator [5] associated to the symmet- 
ric (0,2)-tensor cp = cpijdu' ® du^ , where (t)ij = {^i^),^) = ^idkj, is 
defined by 

(5) □<^/ = P$(V/). 

It was proved in [1] that the operator is self-adjoint on the space of the 
all Sobolev functions with null trace if, and only if, the covariant derivative 
of $ satisfies ^ = 0, for all j. Let X : M ^ TM be a vector field of class 

and write X^ = X^^. Using that V ^X^ = V ^{X^ ^) = X^-^, 

we have that 

Thus we have that Vq>{X^) = . Since ^{X^) = X^^{^) = 
we obtain 



(6) divM(«I>(^^)) = iX^<^]),i=Xl^ + X^^^, 

= P$X^ + (div$)*(X^), 
where (div $)* the 1-form defined by (div <!>)* = •du-' . Using that (V a ^)-^ 
we have that {V ^<P)X^ = X^i\/j^<f)£j = X^^^.^r. This im- 

Sit* du'^ 

plies that 

(7) (div$)*(X^) = X^¥j i = tr {Y eTM ^ {Vy^)X^} 

= (div^>,X^). 
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Proposition 2.1. Let X : M"* TM be a vector field and f : M 
a function. Then the following statements hold: 

(A) V^X = V^X^ - {H^,X); 

(B) V^ifX) = fV^X + V/>; 

(C) V^X = div m{<^{X^)) - {{H^ + div M^), X) . 

Proof. Write X = X'^ + X^ , where X^ is the orthogonal projection of X to 
T^M. Let {ei, . . . , Cm} be a local orthonormal frame of M. We have that 

m m m 

i=l i=l i=l 

m 

= V^X^ - {Il{ei, $eO, X^) = V^X^ - {H^,X) , 
1=1 

which proves Item |(A)| Now, 

m m 

V^ifX) = Y.{^V,JXf,e,) = Y,{ei{fMX^) + fme,Xf,e,) 



1=1 1=1 



i=l 



which proves Item[(B)| Using ^ and dZD we obtain that 

(8) V^X = div m{^X^) - {{H^ + div M'^),X) , 

which proves Item [(C)] □ 

Remark 1 . By |(C)| and the divergence theorem we have that 



(9) 



/ V^X= [ {^X^,u)- [ {{H^ + dwM^),X) 

Jd JdD Jd 



where D is a bounded domain with Lipschitz boundary dD and is the 
exterior conormal along dD. Equation @ holds in the sense of the trace. 

Example 2.1. Take p £ M and let x = {x^, . . . , x") be a coordinate system 
in a normal neighborhood y of p in M. Write ^ = (^)^ = ^■iid 

K%^^)' = °-'''*'£'=°''''*'^' 

where T^j are the Christoffel symbols of the Riemannian connection V of M. 
This implies that = aff^^-^J. Using [(B)| it holds the following: 

8 - - - r)h 
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for all h G C^{M). As a particular case, consider the vector field Y = rVr, 
where r : M ^ [0,oo) is the distance function r{q) = dfj{q,qQ), for some 
qo G M. Using that r^(g) = {x^{q))'^ + . . . + (x'^(g))^, for all q eV,we have 
that Y{q) = ^Vr^ = x^{q)^. Using that Y = x^-£j and tr a/$ = (pj, we 
obtain that 



In particular, if M is flat then Vii>{Y) = tr<I>. Since Y = 2~^Vr'^, using | (A) | 
and ([5]), we obtain that 

= tr $ + r {H^, Vr> + x^a'^Tij^j. 

Let /C : M — ?• M be an even continuous function. Let hhe a solution of the 
Cauchy problem 



(10) 



h" + /C/i = 0, 
h{0) = 0,/i'(0) = 1. 



Let / = (0, ro) be the maximal interval where h is positive. 

Let M be a Riemannian manifold and B = Bro{qo) the geodesic ball of M 
with center qo and radius ro > 0. Consider the radial vector field 

X = h{r)Vr, 

defined on B nV, where r = dj^^{- , qo), for some fixed point q^ S M, and V 
is a normal neighborhood of go in The result below generalizes Example 
12.11 and will be useful is the proof of Theorem 11.11 



Proposition 2.2. Let f : ikf" M be an isometric immersion of a man- 
ifold M in the manifold M . Assume that the radial curvature of M with 
respect to the basis point go G M satisfies -ftTj-ad < ^(^) in B H V. Let 
$ : TM — TM be a symmetric operator. Assume that one of the following 
conditions hold: 

(i) ^ is positive- semidefinite; or 
(a) Krad = /C(r), 
Then, it holds that 

(11) > /i'(r)tr 



Moreover, the equality occur if (ii) holds. 

Proof. Take g G M n V . Let ^ = {ei, . . . , Cm} be an orthonormal basis of 
TqM by eigenvectors of <I> and {Ai, . . . , A^} the corresponding eigenvalues. 
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We extend the basis ^ to an orthonormal frame on a neighborhood of q in 
M. Then, at the point q, we have 

m mm 

V^Vr = ^ ($(Ve, Vr)^, a) = ^ (Ve, Vr, e,) = ^ (HessMr)g(ei, e^), 

i=l i=l i=l 

where Hessj^^r is the Hessian of r. 

Let M be the Euchdean ball of of radius rg and center at the origin 
endowed with the metric which in polar coordinates can be written as 

g = dp^ + h{pfduj'^, 

where du"^ represents the standard metric on the Euclidean unit sphere S"*""^. 
Consider the distance function f = dj^j{- ,0). Then, for x = puo with p > 
and uj € S"™"^, the Hessian of f satisfies: 

h' 

Hess(f) = —(g — df ® df), 
h 

Furthermore, the function /C(f) = — is the radial curvature of M with 
respect to the basis point 0. Thus since the radial curvature of M with 
respect to some basis point qo satisfies K^ad < it follows from the 

Hessian comparison theorem (see Theorem A page 19 of [10]) the following: 

(12) (Hessjgr)(e„ e,) > |M (^i _ (Vr, e,)') . 

Moreover, the equality in (fT2|) holds when .^rad = ^(^)- Since ($ei,ej)^ = 
Xi5ij, for all i,j, we obtain 

(13) V^X = P$(/i(r)Vr) = h{r)V^Vr + h'{r) (Vr, $Vr) 

m 

= h{r) Xi (HessA^r)g(ei, e^) + h'{r) (Vr, $Vr) . 
1=1 



Using that the hypothesis [(I)] and |(ii)[ it follows from (fT^ and (fTB|) that 
(14) > /i(r)--^^Aj (^1 - (Vr,ej)2) +/i'(r) (Vr,$Vr) 

= /i'(r) (tr $ - (Vr, $Vr)) + h'{r) (Vr, $Vr) 
= h'{r)ti-^. 

Moreover, the equality in ()14p holds when -^rad = ^(^)- D 
Corollary 2.1. Under the hypotheses of Proposition we have that 

[ h{r){^Vr,v)> f (/i'(r)tr$-/i(r)|i7$+divM^|) , 
JdD J D 
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where D is a bounded domain compactly contained in V O B with Lipschitz 
boundary dD, and u is the exterior conormal along dD. 

Proof. Using[(C)]we have that div m(^^^) = + div X). Since 

|Vrj = 1, using (jlip and the divergence theorem (see for instance [7]), we 
obtain that 

(15) / h{r){^Vr,v) > / /i'(r)tr^>+ / /i(r) + div Vr) 
JdD Jd Jd 

> [ {h' {r)ti <^-h{r)\H^ + div M<l>\) . 
Jd 

Corollarv 12.11 is proved. □ 

We denote by Rq^ the injectivity radius of M at the point qo and B^{q) 
the geodesic bah of M with center q and radius ^. Let a : [0, oo) — )■ [0, oo) 
be a nonnegative function. We consider the fohowing positive number: 

(16) M^,„ = sup {t e (0,ro); > and a'(t) > - /C(0}. 

3. PROOF OF Theorem II. IL Theorem 11.21 and Corollary 11.21 

The main tool of this section is the following result: 

Theorem 3.1. Let f : M ^ M be an isometric immersion of a complete 
noncompact manifold M in a manifold M . Assume that the radial curvature 
of M with base point in some qo S f{M) satisfies -ftTrad ^ ^('")> where r = 
^m(' ) Qo) o,nd /C : R ^ M is an even continuous function. Let ^ : TM TM 
be a positive- semidefinite symmetric operator such thatti ^{qo) > 0. Assume 
further that 

(17) + div$j < Q(r)tr^>, 

where a : [0, oo) — )■ [0, oo) is a nonnegative function. Then, for each 
< fiQ < mm{fiic^a, Rqo} ) there exists a positive constant A = A{qQ, hq, AI) 
satisfying 

[ tr$> A Te-^^'^'^^'^'^dr, 
for all lJ-o< fi< inm{fi/c,a, Rqo}- 

Proof. Take < fi < Rq = inm{fijc^a, Rqo} and let = B^i^qo). Note that 
the distance function p = d]\i{- ,go) satisfies r < p. This implies that B^ is 
contained in the geodesic ball 13j^^{qQ) of M with center qo and radius -Rq- 
Since M is a complete noncompact manifold and p is & Lipschitz function we 
obtain that the ball B^ is a bounded domain of M with Lipchitz boundary 
dB^ 7^ 0. Since jVyoj = 1 a.e. in B^, using Corollarv 12. H equation pT|) and 
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the coarea formula (see for instance [7] or Theorem 3.1 of [8]), we obtain 
that 

(18) / Hr)i<,Vr,.) > [ / ^-(0-«(0%) N 

JdBr ^ n{r) ' 
for almost everywhere < fi < Rq, where u is the exterior conormal along 

Take q £ M and let {ei,...,em} C TgM be an orthonormal basis by 
eigenvectors of $ at the point q. Consider {Ai, . . . , Am} the corresponding 
eigenvalues. Since $ is positive-semidefinite we have that Aj > 0, for all i. 
Since |Vr| < 1, using Cauchy-Schwartz inequality, we obtain 

m m 

(19) ($Vr,z^) ='^Xi {Vr,ei) {u,ei) <'^Xi\Vr\\u\ = (tr$)|Vr| < tr$. 

1=1 1=1 

Thus, it follows from (jlSp that 



hir) 



(20) / h{r)tT^> r [ -a(r))/i(r)tr$, 

JdB^, Jo JdBr 

for a.e. < fi < Rq. 

We define the following functions 



(21) 



F : ^ € (0, Ro) ^ F{^t) = L„ h{r)tr 



G : A. G (0, i?o) ^ G(/.) = f,^^ - a(r) j /i(r)tr 

It follows from ^ that 

(22) F{fi) > G{^l), 
for a.e. < fi < Rq. 

Note that a'{t) > — /C(t) is equivalent to say that (j;T7T—<^{t) ) < 0. 



Thus, by hypothesis, the function t E (0, ^ac,q) '-^ — a(i) is positive and 
non-increasing. Since the function r = d^[{ ■ ,go) satisfies r < r in dBr we 
have that ^ - a(r) > ^ - ^(t) > in dBr, for all < r < i^o- This 
implies that G{fi) > 0, for all < ;U < Rq, since G > 0, G is nondecreasing 
and G{n) > 0, for all ^ > sufficiently small (recall that tr^>(5o) > 0). 
Using ^ and ([22]), we have that 
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for a.e. < fi < Rq. Thus we obtain 

for a.e. < /x < Rq. Integrating (p3|) over {ij,q,ij,), with < //q < A', we 
obtain that 

In — — - > In — — - - / a[s)ds. 

This imphes that 

(24) Gif^) > A{qo, /xo, M)h{f,)e- 

whereA = A(/xo,9o,M) = ^. 

Now, we define the function f{fj.) = tr<I>, with < fi < Rq. Since 
h{r) < h{p) in dB^ it follows from (|22p . (|24p and the coarea formula that 

for a.e. < /i < Rq. Since /(/io) > we have that 

I tr $ = /(^) > A r e" ^'^'^D "^'^'^'dr. 

This concludes the proof of Theorem 13.11 □ 

Now we are able to prove Theorem 11.11 Theorem 11.21 Corollary 11.21 and 
Theorem II. 3[ 

3.1. Proof of Theorem 11.11 First we observe that the injectivity radius 
Rq^ = +00, since M has nonpositive radial curvature with base point q^. 
We take the functions /C(t) = 0, with t € M, and a{t) = with t > 0. 
The function h{t) = t, with t > 0, is the maximal positive solution of 
(fTO|) . Furthemore, we have that /i/c,a = cxd. Since -^rad < = /C(r) and 
tr<^(go) > 0, Theorem 13.11 applies. Thus it holds that 

/ tr^>>A/ e ■'''0 "+^(1(1 = A(fj,o + e)log[— 

for all < /io < where A is a positive constant depending only on q^, /xq 
and M. This implies that 

lim inf : — \— / tr $ > 0. 



A*^oo log(/i) JB^{qo) 

Theorem II. II is proved. 
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3.2. Proof of Theorem II. 2L Similarly as in the proof of Theorem ll.il we 

have that Rq^^. Consider the function K,{t) = 0, with t € M, and a{t) = 0, 
with t > 0. We have that ^iK.,a = +oo and Theorem 13.11 applies. Thus we 
obtain that ^^^^ tr $ > A(/u — /io), for all < /xq < where A is a positive 
constant depending only on go, /^o and M. This implies that 

lim inf - / tr $ > A > 0. 



Theorem 11.21 is proved. 

3.3. Proof of Corollary [US Fixg € M. Let {Ei, . . .,Em} and {^i, . . .,Ek} 
be orthonormal frames of TM and "D defined in a neighborhood U of q in 
M, respectively. Since Pv{v) = {v, Ei'j Ei, for all v € TU, we obtain that 



divPv = Y.^VE^Pv)E^ = Y,VEAPv{Er))-Pv{yEM 
i=l i=l 
m k 

= {Ei{{Er,Ei) ))Ei + {E,, El) VeA " {'^EA^,El) Ei 



i=l 1=1 
m k 



= ^^{Ei,VEA)Ei + {Ei,Ei)^EA 

i=l 1=1 
k k 

= Y.{divM{mEi + Y.V^^_^(^^^^^^^j,Ei 
1=1 1=1 

k k 

(25) = J](divM(^z))^z + J^V^,^^. 

1=1 1=1 

Since the distribution D is integrable, there exists an embedded submani- 
fold S CM satisfying g € S and nS = V{x), for ah x £ S. Let {Ei, . . . , Ek} 
be an orthonormal frame, defined in a small neighborhood [/ of g in S, that 
is geodesic at q with respect to the connection of namely, 

(26) (V|^,), = P^(V^^^,), = 0, 

for all l,s = 1, . . . , A;. Now, let {Ek+i, . . . , Em} be an orthonormal frame 
of the normal bundle TS^ defined in a small neighborhood of q in S, that 
we can also assume to be U. We extend the frame {Ei, . . . ^E^a} to an 
orthonormal frame defined in a small tubular neighborhood W of U in M 
by parallel transport along minimal geodesies from U to the points of W . 
In particular, it holds that (V^ Ei)x = 0, for all x S ^7, / = 1, . . . , A; and 
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P = k + 1, . . . ,m. This fact, togheter with (f26]) . imply that 

k m 

(27) (divM(^0)<^ = E((^l/')5'^*('?))+ E {{^EEi\,Ep{q))=Q, 

i=l P=k+l 

for alU = 1, . . . , /c. Thus, by ([22]), ^ and ([271) we obtain that 
(28) 

km k 

1=1 /3=fe+l 1=1 

where II is the second fundamental form of the submanifold S" in M. 

On the other hand, the second fundamental form // of the restriction 
f\s-S^Mis given by: 

(29) II (v, v) = Ilf^iv, v) + II (v, v) = Iliiiv, v) + IliPvv, v), 

for all V € TxS = T>{x), with x £ S, where // denotes the second fundamental 
form of the immersion f : M ^ M. Thus, by (|28p and (I29p . we have that 

(30) tr// = divP© + i7p. 

By hypothesis the isometric immersion /j^ : 5 — )• M is minimal. Thus, by 
(f30l) . it holds that triz = divP© + Hp = 0. Since trPx, = /c > 1 it follows 
from Theorem 1 1 . 2 1 that the rate of growth of the volume vol(M) = ^ Jj^j tr Px> 
is at least linear with respect to the geodesic balls centered to any point of 
M. Corollary 11.21 is proved. 

4. Proof of Theorem 11.31 and Theorem 11.41 

Before we prove Theorem 11.31 we need some preliminaries. Let W"^ be an 
m-dimensional vector space and T : W W a symmetric linear operator on 
W. Consider the Newton operators PjiT) : W — )■ W , j = 0, . . . ,m, associ- 
ated to T. It is easy to shows that each Pj{T) is a symmetric linear operator 
with the same eigenvectors of T. Let {ei, . . . , Cm} be an orthonormal basis of 
W by eigenvectors of T and {Ai, . . . , A^} the corresponding eigenvalues. Let 
Wj = {cj}"*", j = 1, . . . , m, be the orthogonal hyperplane to ej and consider 
Tj =T\\\r, : Wj — )• Wj. The two lemmas below were proved for the case that 
T is the shape operator A{p) associated to a hypersurface of a Riemannian 
manifold evaluated at some point p (see Lemma 2.1 of [2] and Proposition 
2.4 of [U, respectively). The proof in the general case follows exactly the 
same steps. 

Lemma 4.1. For each 1 < j < m — 1, the following items hold: 

(a) Pj{T)ek = Sj{Ti^)ek, for each 1 < k < m; 

(b) tr (P,(r)) = ZT=i S.iTk) = {m- j)S,{T)- 
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(c) tr {TP,{T)) = ELi Afc5,(Tfc) = (j + l)S,+i(r); 

(d) tr (T'PjiT)) = ELi >^lS,m = 5i(T)5,+i(T) - {j + 2)S,+,{T). 

Lemma 4.2. Assume that S'j+i(T) = 0, for some 1 < j < n — 1. Then 
Pj{T) is semidefinite. 

We also need of the fohowing lemmas: 

Lemma 4.3. Assume that Sj-i{T) = Sj{T) = 0, for some 2 < j < m. 
Then the rank of T satisfies rk(T) < j — 2. 

Proof. If r = then there is nothing to prove since rk(T) = < m — 2. 
Thus we can assume that T ^ 0. We will prove Lemma 14.31 by induction on 
m = dimW. First we assume that m = 2. Since 

||r||2 := Xi + Xl = (Ai + As)^ - 2A1A2 = Si{T)^ - 2S2{T) = 

it follows that T = 0. 

Now we assume that Lemma 14.31 is true for any symmetric operator Q : 
yk _^ yk defined on a /c-dimensional vector space V , with 2 < k < m — 1. 
Since Sj-i{T) = Sj{T) = 0, for some 2 < j < m, it follows from Lemma 14.21 
that the operators Pj_2(T') and Pj_i(r) are semidefinite. Thus using that 

tr (Pj_i(r)) = {m-j + l)5j_i(r) = 

it follows that Pj_i(T) = 0. Furthermore, the operator r^Pj_2(r) is also 
semidefinite with trace satisfying 

tr {T'Pj^2{T)) = 5i(r)S,„i(r) - jSj{T) = 0, 

which implies that T^Pj_2 = 0. Since (r^Pj_2)efc = \\Sj-2{Tk)ek = 
we obtain that Afc = or Sj^2{Tk) = 0. Thus, using that Sj-i{Tk) = 
(Pj_i(T)efc, efc) = and dim(Tyfc) = m — 1, we obtain by the induction 
assumption that A^ = or rk(rfc) < j — 3. Since T 7^ there exists some 
eigenvalue A^ 7^ 0. Thus we obtain that rk(rfc) < j — 3 which implies that 
rk(r) < J - 2. □ 

Lemma 4.4. Let B : TM — )■ TM be a symmetric operator of class that 
satisfies the Codazzi equation. Then it holds that div {Pj{B)) = 0. 

Proof. We denote by Pj = Pj{B), with j = 1, . . . , m. Take p (z M and let 
{El, . . . , Em} be an orthonormal frame defined on an neighborhood V oi p 
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in M, geodesic at p. We have that 

m m 

div Pj = Y,^VE,Pj)Ei = Y,{^E,S,I-BPj^i)Ei 

i=l i=l 
m 

= Y.{E,{S,)Ei-VEABPj-i)E,) 

i=l 

m 

= V{S,) - {{Ve,B)P,^^{E,) + B{VE,P,^i)Ei) 

i=l 

m 

(31) = V(5,)-i?(divP,„i)-5^(Vs,i?)P,_i(i?,)- 

i=l 

Let X be a vector field on M. Since iV xB) is a symmetric operator and 
iy EiB)X = {VxB)Ei, for alH = 1, . . . , m, we obtain that 

m m 

(32) ^((Vz,,i?)P,_i(i?,),X) = Y.{P,^,{E,),{VxB)E,) 

i=l 1=1 

= tv{Pj_^{VxB)). 

It was proved by Reilly [H] (see Lemme A of dH) that tr {Pj^i{VxB)) = 
(V(S'j),X). Thus, using ([32]) . we obtain that 

m 

(33) Y{Ve,B)P,^,{E,) = V{Sj). 

i=l 

Using ([3T]) and (j33|) . we obtain that 

(divPj)p = {VSj){p) - B{dwPj.i)p - {VSj){p) = -5(divP,_i)p. 

Since Pq = I we obtain by recurrence that divPj = (— l)''i?-'(div/) = 0. 
This concludes the proof of Lemma 14.41 □ 

Now, we are able to prove Theorem 11.31 and Theorem 11.41 

4.1. Proof of Theorem 11.31 Since Sj+i{B) = it follows from Lemma 
14.21 that the operator Pj{B{p)) : TpM — ?> TpM is semidefinite at each point 
p G M. Since Sj does not change of sign we obtain that ^ = ePj is positive- 
semidefinite, for some constant e € {—1,1}. Since B satisfies the Codazzi 
equation it follows from Lemma 14.41 that div<I> = edivPj = 0. Since \H^ + 
div$| = \Hp.\ < ^— , where r is the distance function of M from on and 

tr$(go) = |trPj(go)| = ("^ ~ j)l'S'j(-B(^Zo))| > we can apply Theorem 1 1.1 1 to 
conclude that the rate of growth of /^jtr$ = (m — j) jj^j \Sj{B)\ is at least 
logarithmic with respect to the geodesic balls of M centered at go- Theorem 
11.31 is proved. 
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4.2. Proof of Theorem [131 Since Sj+i = Sj+i{A) = it follows from 
Lemma 14.21 that the operator Pj{A{p)) : TpM TpM is semidefinite at 
each point p G M. Since Sj does not change of sign we obtain that ^> = ePj 
is positive-semidefinite, for some constant e G {—1,1}. Since the shape 
operator A satisfies the Codazzi equation it follows from Lemma 14.41 that 
div^> = edivPj = 0. Since \H^ + div^>| = \Hp^ \ = {j + l)5j+i = and 
tr$(go) = |trPj((?o)| = — j)\Sj{A{qQ))\ > we can apply Theorem ll.2l to 
conclude that the rate of growth of the integral J^^tr <^ = (m — j) |S'j(A)| 
is at least linear with respect to the geodesic balls of M centered at go- 
Theorem 11.41 is proved. 

5. Proof of Theorem II. 5L Corollary 11.31 and Theorem 11.61 

The main tool of this section is the following result: 

Theorem 5.1. Let f : M ^ M be an isometric immersion of a complete 
noncompact manifold M in a manifold M . Assume that the radial curvature 
of Ad with base point in some qo G f{M) satisfies A'rad ^ ^('"); where r = 
dj^{- , go) and /C : M — )■ M is an even continuous function. Let ^ : TM TM 
be a positive-semidefinite symmetric operator such thattr ^{qo) > 0. Assume 
further that 

(34) + div<^| < a(r)tr<l> and m|<I>Vr| < tr <l>, 

where a : [0, oo) — )> [0, oo) is a nonnegative -function. Then 



for all < fi < minj/i/c^Q, iigg}, where h : (0, tq) — > (0, oo) is the maximal 
positive solution of U0\} . 

Proof. By following exactly the same steps as in the proof of Theorem 13.11 
we obtain that 



for almost everywhere < fi < Rq = min{^^ q, ^(gg)}, where = B^{qQ) 
and ly is the exterior conormal along dD. 

Since |z^| = 1 and |<l>Vr| < using Cauchy-Schwartz inequality, we 
obtain that (^>Vr, i^) <^. Using ([35]) we obtain 




(35) 




(36) 




for a.e. < /i < Rq. 



INTEGRAL ESTIMATES FOR THE TRACE OF SYMMETRIC OPERATORS 19 

Consider the following functions 

G : M G (0, i?o) ^ = J/; - a(r)) h{r)tv 

It follows by §6i) that 

(37) F{fi)>mG{fi), 

for a.e. /i € (0, ^o)- 

Note that G{fi) > 0, for all < < Rq, since G > 0, G is nondecreasing 
and G(/.i) > 0, for fi > sufficiently small (recall that tr$(go) > 0). Thus, 
by ([37]) . we obtain 

«'(''> = (fffF-"<''')^<'')2'"(^-°(''))°(^)- 

for a.e. < fi < Rq. This implies that 

= f^^-^t^? -"("') ='<(!;'"'•('')) -"(")) 

(38) = (-^ In /i(/i)"^) -ma(^), 

for a.e. fi G (0,-Ro)- Integrating ([38]) over {fj.Q,fi), with < /io < A*; we 
obtain that 

Thus, we obtain 

(39) G(^)>|^MA^^e-^'^*o"W'^^ 
for all < fiQ < n < Rq. 



Using that r < jj. in and the function fi G (0, Rq) i-^ j^jj^ — a{^) is 



non-decreasing we have from the coarea formula that 



hit) 



tr 



for all < ;U < Rq. Since limt^o - f = ^'(0) = 1 and h{0) = we obtain 
lim > lim (tP-tT lim f4;7 /" (h' (r) - a{r)h{r))tv ^) 

(40) = (/i'(0)-a(0)/i(0))tr$(go) = tr$(go). 
Thus, using (p9]) . (|40l) and taking ^uq ^ 0, we obtain that 

(41) G{ji) > tr$(go)/^(M)"*e-™^""(^)'^^ 
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for all < ^ < Ro- 

Now we consider the function 



^le[o,Ro)^ fi^l)= [ tr^.. 



Since h{r) < h{fi) in dB^ and F^fi) > niG{fj,), using the coarea formula and 
[T]), we obtain 

/'(m) = / tr h{r)ti<i> = ^>m^^^^ 



> mtr$(go)^(/i)™"^e-™/o^"W'^^ 
Since /(O) = 0, by integration /'(/u) on (0,/i), we have that 

JBf, Jo 

This concludes the proof of Theorem 15.11 □ 
Now we are able to prove Theorem 11.51 and Theorem 11.61 



5.1. Proof of Theorem 11.51 First we observe that the injectivity radius 
of M at the point qo satisfies Rqg = +oo since the radial curvature of M 
with base point qq is nonpositive. We consider constant functions 

/C(t) = -c2 and a(t) = 

m 

for all t. The maximal positive solution of pO|) is given by h{t) = ^ sinh(ct), 
with t > 0. Since cosh(t) > sinh(t), for all i > 0, we obtain 

h'{t) = cosh(ct) > ^^^^h{t) and 

= a'{t) > -c2((coth(ct))2 - 1) = - /C(t), 

for all t > 0, which implies that fj.ic,a = oo. Thus, using Theorem 15.11 we 
obtain that 

tr$ > -^tr^iar,) I sinhfcT)™-^e-(™-^)'=^fir 



-tr^>(go) / sinh( 
Jo 



m 



(2c)"^-i 
m 







(42) > — ^trc^(<7o) r(l-(m-l)e-2-)dr. 
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The last inequality follows from the Bernoulli's inequality since e"^'^^ < 1. 
This implies that 

fi~^ /■ m 
lim mf — — — - / tr <J? > 



TA'cJ;^ tr $(go) Jb^ " ^ '~ (2c)"*-i ■ 
Theorem 11.51 is proved. 

5.2. Proof of Theorem 11.61 Since M has bounded geometry, there exist 
constants c > and > such that the sectional curvature of M satisfies 
Kff < and the injectivity radius satisfies Rq > Rq^ for all q € M. We 
consider the constant functions lC{t) = and a{t) = k > 0, for all t. The 
function h{t) = sin(ct), with t € (0, is the maximal positive solution of 
(jlOp . We take < to ^ ^ the maximal positive number satisfying: 

h'{t) = cos(ct) > - sin(ct) = a{t) h{t), 
c 

for ah < t < to- Since = a'{t) > - lC{t), for all t € (0, 

we obtain that /U/c,a = to- Let E be an end of M and X : E [0,oo) 
a nonnegative function. The operator ^[v) = X{q)v, for all q G E 
and V € TgM, satisfies |^>(Vr)| = A|Vr| < A = since |Vr| < 1 and 
tr$ = mX. Thus Theorem 15.11 applies. Thus, for all < /i < in.m{ij,ic^a, Ro} 
and qo ^ E such that B^{qQ) C E, the following holds: 

(43) / A> A(<7o)r(^), 

where r(^) = ^ /^^ sin(cr)'^-ie-'"'^^d/x > 0. 

Assume that limsup3:->tx) X(x) > 0. Then there exists 6 > and a sequence 
(gi, 52, - - - ) of points in E, with d{qk,XQ) — > oo, where xo is a fixed point of M, 
satisfying that X{qk) > S > 0, for all k. Fixed < fiQ < min{/iA:,a, Ro}i after 
a subsequence, we can assume that B^g{qk) C E and B^^{qk) fl B^^{qi) = 
0, for all k ^ I. Thus, by (03]), we have that f^X > Ylk=i Ib fe) — 
N6T{fio), for all integer > 1. This implies that /g A = +oo. Theorem ll.6l 
is proved. 
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